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1 Hamiltonian Monte Carlo

In HMC, the proposal y is generated by solving the following ODE:

x(0) = x ẋ(0) = z ẍ(t) = ∇ log π(x(t)) y = x(σ). (1)

Note that if ∇ log π(x(t)) is replaced by ∇ log π(x), then it is easy to check that y equals the
MALA proposal y = x+ (σ2/2)∇ log π(x) + σz.

The ODE (1) can be written in the following alternative first order form:(
ẋ(t)
v̇(t)

)
=

(
v(t)

∇ log π(x(t))

)
with initialization

(
x(0)
v(0)

)
=

(
x
z

)
(2)

It is easy to see that (1) and (2) are equivalent. Here is another common way of writing (2).
Let

H(x, v) = H(x1, . . . , xd, v1, . . . , vd) := − log π(x) +
1

2
‖v‖2 (3)

This quantity H(x, v) is called the Hamiltonian associated with the ODE (2). It is then easy
to see that

∂H

∂x
=

(
∂H

∂x1
, . . . ,

∂H

∂xd

)T

= −∇ log π(x)

and

∂H

∂v
=

(
∂H

∂v1
, . . . ,

∂H

∂vd

)T

= v.

As a result, (2) is equivalent to:(
ẋ(t)
v̇(t)

)
=

(
∂H
∂v

−∂H
∂x

)
with initialization

(
x(0)
v(0)

)
=

(
x
z

)
(4)

One important property of this ODE is that the Hamiltonian H(x(t), v(t)) remains constant
in t for all times t:

H(x(t), v(t)) = constant = H(x(0), v(0)) = H(x, z) = − log π(x) +
1

2
‖z‖2. (5)
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To see (5), just note that

d

dt
H(x(t), v(t)) =

d∑
i=1

(
∂H

∂xi
ẋi(t) +

∂H

∂vi
v̇i(t)

)

=
d∑

i=1

(
∂H

∂xi

∂H

∂vi
+
∂H

∂vi

(
−∂H
∂xi

))
=

d∑
i=1

(
∂H

∂xi

∂H

∂vi
− ∂H

∂vi

∂H

∂xi

)
= 0

2 Stationarity of π for the HMC

The transition kernel given by (1) satisfies detailed balance with respect to π for every fixed
σ > 0. A consequence of this is that π is invariant (stationary) for this Markov Chain (for
every σ). We will sketch a proof of this invariance (and skip the proof of detailed balance).

Stationarity of π means that if x ∼ π, then y given by (1) is also distributed as π. In
order to verify this, we shall use the following result on density evolutions of ODEs. This
result has been popular in the recent literature on generative modeling (see e.g., Lai et al.
[1, Equation (5.2.8), Theorem 5.2.2, Section B.1.2]).

Theorem 2.1. Consider the ODE

Ṡ(x, t) = V (t, S(x, t)) with initial condition S(x, 0) = x. (6)

Here Ṡ(x, t) = d
dtS(x, t), x ∈ Rd and S(t, ·), V (t, ·) are functions from Rd to Rd. Suppose ρb

is a density on Rd and let ρ(t, ·) be the density of S(X, t) with X ∼ ρb. Then ρ(t, x) satisfies
the following PDE:

∂tρ(t, x) = −∇ · (V (t, x)ρ(t, x)) with ρ(0, ·) = ρb. (7)

Here ∇·, also known as the divergence, is defined as follows. ∇ ·G(x) =
∑d

i=1
∂
∂xi
Gi(x) for

a function G(x) = (G1(x), . . . , Gd(x)). So ∇ · (V ρ) = div(V ρ) =
∑d

i=1
∂
∂xi

(Vi(x, t)ρ(x, t)).

Proof of Theorem 2.1. S(X, t) can be interpreted as the position at time t of a particle
starting at x in a velocity vector field V (t, x), formally given by the ODE (6). ρ(t, ·) is the
pdf of S(X, t) with X ∼ ρb.

We need to prove that ρ(t, x) satisfies the PDE (7). Suppose f is a smooth function with
compact support (i.e., f ∈ C∞c ). Then Ef(S(X, t)) can be written in the following two
equivalent ways:

Ef(S(X, t)) =

∫
f(x)ρ(t, x)dx =

∫
f(S(x, t))ρb(x)dx.

Differentiating both sides of this equality with respect to t, we obtain∫
f(x)

∂

∂t
ρ(t, x)dx =

∫ 〈
Ṡ(x, t),∇f(S(x, t))

〉
ρb(x)dx (8)

The right hand side above can be simplified using Ṡ(x, t) = V (t, S(x, t)) (because S(x, t)
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satisfies (6)) to get∫ 〈
Ṡ(x, t),∇f(S(x, t))

〉
ρb(x)dx =

∫
〈V (t, S(x, t)),∇f(S(x, t))〉 ρb(x)dx

=

∫
〈V (t, nx),∇f(x)〉 ρ(t, x)dx

=
d∑

i=1

∫
Vi(t, x)

∂f

∂xi
(x)ρ(t, x)dx

=
d∑

i=1

∫
Vi(t, x)ρ(t, x)

∂f

∂xi
(x)dx.

Integration by parts (note that we assumed that f has compact support) and combining
with (8) allows us to derive∫
f(x)

∂

∂t
ρ(t, x)dx = −

d∑
i=1

∫
f(x)

∂

∂xi
(Vi(t, x)ρ(t, x))

= −
∫
f(x)

d∑
i=1

∂

∂xi
(Vi(t, x)ρ(t, x)) dx = −

∫
f(x)divx (V (t, x)ρ(t, x)) dx

Because this holds for every f (with compact support), we deduce the pde (7).

In the next lecture, we shall see how this result implies that π is invariant for the HMC
chain. We will basically apply Theorem 2.1 with V given by:

V (t, x, v) =

(
v

∇ log π(x)

)
=

(
∂H
∂v

−∂H
∂x

)
.

We shall also discuss the leapfrog discretization of the Hamiltonian ODE (2), and its Metropoliza-
tion.
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