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1 Hamiltonian Monte Carlo

There is a given target probability density 7 and our goal is to construct a Markov chain
which satisfies detailed balance with respect to w. Given a current value x, HMC constructs
the next value y by solving the following second order ODE:

Z(t) = Vlogm(z(t)) with initialization x(0) = x and #(0) = z ~ N(0, Iy). (1)

The ODE (1) can be alternatively written in the following first order form:

(igg) = <v logff()m( t))> with initialization (iggi) - <2”) @)

which can also be written in terms of the Hamiltonian:

1
H(z,v) = H(x1,...,24,v1,...,04) = —logm(z) + = |lv|? (3)

2
i)\ [ Y (x(t),0(t) e (2(0)) (@
<1'}(t)> = <—m;($(t),v(t)) with initialization w(0y) =\ (4)
Most authors (see e.g., Neal [1]) use the formulation (4) to describe HMC. The advantage of
the formulation (1) is that it makes the connection to MALA very clear (essentially, MALA

proposals are obtained by replacing V log7(x(t)) by Vlog(x(0))).

as

On the other hand, the main advantage of the Hamiltonian formulation is that it also
works for choices of the Hamiltonian that are different from (3). For example, consider the
alternative choices of the Hamiltonian:

1. H(x,v) = —logm(x)+vl Muv/2 for a positive definite matrix v. Here the dynamics (4)

become

(t)\ Mou(t)

o(t))  \—logm(z(t)))
because %—g = —Vlogn(x) and %—Ig = Mw. This formulation of the Hamiltonian is
meaningful when the variables zi,...,z4 have different scales. One can also make

M depend on x. This is related to Riemannian Manifold HMC (see Girolami and
Calderhead [2]).



2. H(z,v) = —logm(x) + ||v||;. Here the dynamics (4) become

(i) = (o)

because %—Ig = sign(v). Also note that v(t) = (v1(¢),...,v4(t)) and sign(v(t)) is inter-
preted coordinatewise as (sign(vi(t)),...,sign(vg(t))). These are interesting dynamics

that cannot be written in a second order form as in (1).

2 Hamiltonian Dynamics

Some understanding of Hamiltonian Dynamics will be useful for HMC. Hamiltonian Dynam-

ics refers to the ODE (4)
:'c(t)> ( 9 (x(t),v(t)) > e <x(0)> <x>
) = Y with initialization = )
<v<t> “9H (at), v(1)) v(©0)) =\ ©)
The above is the same as (4) except that we denote the initial velocity by v (instead of v in

(4)). In this section, we will not use the specific form of the Hamiltonian given by (3), but
we will take the more general form:

H(z,v) = —logm(z) + K(v) (6)
where K(v) is a symmetric function of v i.e., K(—v) = K(v).

We will view the Hamiltonian dynamics (run for a fixed time o) as a mapping from (z,v)
(the initial state) to a final state (x(o),v(0)). We will denote this mapping by T, (z,v):

T (x,v) = (z(0),v(0)).
The space of all pairs of position and velocity (x,v) will be referred to as the phase space.

The basic properties of T, (-) that we need for HMC are summarized in this section. For
more details, you can refer to Neal [1].

2.1 Property One: Invertibility or Reversibility

The map T,(z,v) is invertible and its inverse can be written in a simple manner. Let
S(z,v) = (x,—v) be the operator which flips the velocity. Then

;' = ST,S. (7)
In other words, to compute T; ! at a point (y,w), we need to take the following three steps:
1. First, flip the velocity to obtain (y, —w).

2. Second, run the Hamiltonian dynamics for time o starting at (y, —w) to obtain (x, —v)
at time o.

3. Third, flip velocity again to obtain (z,v).
The formula (7) has the following simple consequence:

1,8 = (1,5)7". (8)



To see this, simply note
(T,8)~' = s~ 1,1 = 187,85 = T,8S.
A function g for which g=! = g (which is equivalent to g(g(z)) = x) is called an involution.

The above statement is therefore equivalent to saying that 7,5 is an involution. Involutions
have been recently used to unify many MCMC algorithms (see e.g., Glatt-Holtz et al. [4]).

2.2 Property Two: Hamiltonian Conservation

Hamiltonian dynamics conserve the Hamiltonian in the sense that:
H(z(t),v(t)) = constant. (9)

To see this, just note that

i1 = 3 (G <t>+g§m<t>)

8H8H+6H Zd: OHOH O0HOH\ _
8931 (%Z c%i 8:1:1 i1 8ZL‘1 8’[)1' 8’UZ' 8561 a

2.3 Property Three: Volume Preservation

M= Mg

Volume preservation means that if we take a region R in the phase space (z,v), then
vol(R) = vol(T(R)) (10)
where T, (R) = {To(z,v) : (x,v) € R}.
The volume preservation property (10) is equivalent to
vol(B) = vol(T,(B) = [ I{(ww) € Tu(R)}d(y,w) = [ 1{T; () € R}d(y, ).

Using the change of variable (x,v) = T, !(y,w) above, we get

/I{To__l(y,w) € R}d(y,w) = /I{(x,v) € R}|det JTy(x,v)|d(x,v)

where JT, denotes the Jacobian of T,,. Thus volume preservation can be proved by showing
that the Jacobian JT, has determinant equal to 1 for all (z,v):

det JT,(z,v) =1 for all (z,v). (11)

Here is a sketch of the proof of (11). Assume first that o is small so that T, can be well-
approximated by a linear function:

i~ (2) +o (o))

o%H 8212{
JI,~I+o ‘955‘2}’{ Koy

T 9x2 T 0z0v

As a result




which shows that

1 0’H 0°H
det(JT,) ~edet (- Ogor  To, ) =14 0(0?).
052 1— 9 9zdv

If o is not small, then break [0, o] into N intervals each of length o /N, and then decompose
Ts as Ty o Ty—1 0--- o1y where T} is the mapping corresponding to Hamiltonian dynamics
from t = (j — 1)o/N to t = jo/N. For each j, we use the previous argument to claim
det JT; = 14 O(0?/N?). Taking the product over j, we get

N
det JT, = [] (1 + O(6?/N?)) - 1
j=1

as N — oo. This completes the heuristic argument for (11).

3 Discretization of (2)

The ODE (2) cannot be solved exactly for most 7(-). So we have to approximately solve
it using a discretization technique. We fix a step size € and approximate the ODE (2) at
t =0,¢,2e¢,.... More specifically, we will construct:

(50) () ()
Below we will describe how to obtain (z(t + €),v(t + €)) from (x(t),v(t)) (this process will

then be iteratively applied starting at t = 0).

The standard approach to discretization of the HMC equation (2) is to use the leapfrog
discretization. The leapfrog discretization uses the following formulae to construct x(t + €)
and v(t + ¢€) from z(t), y(t).

v <t + %) =o(t) + %Vlogﬂ'(x(t))
z(t+e€) = z(t) + ev (t—l— %) (12)

v(it+e)=wv (t + %) + %Vlogw(x(t +€))

If we denote this map from (z(t),y(t)) to (z(t+€), y(t+€)) by TU¢(x, v), then it is straight-
forward to verify that

Tedisc(:c, v)
€ € € € (13)
= (az +ev+ EVlogﬁ(a:), v+ EV log m(z) + §V10g7r <a: +ev + 2V10g7r(x))> .
Note that the position update above is reminiscent of MALA.
If we apply IV leapfrog steps in succession, then the overall mapping is given by:
Tdisc,N — Tdisc 0.0 Tdisc‘

This function ng 56N shares the following two properties of the continuous Hamiltonian

dynamics:



TedlSC’N

1. Invertibility or Time Reversibility: One can check that S S serves as the

inverse of T35, This can be verified by proving that

(Tﬁdisc) -1 — STediSCS.

Given the explicit formula for 745 in (13), this verification is straightforward.

TEdISC’N

2. Volume Preserving: is volume-preserving. This can be verified by showing
disc,N

the the determinant of the Jacobian of T¢ . equals one. This, in turn, can be
verified by proving that the determinant of the Jacobian of TediSC equals 1. This can
be verified directly by using the formula (13) or by noting (from (12)) that 79 is the
composition of three mappings:

TEdiSC = AE/2 O B6 ) A€/2
where

Aejo(z,v) = (x,v + ;Vlog 7r(ac)> and Bc(z,v) = (z + ev,v).

These mappings are very simple and one can directly verify that they are volume
preserving (i.e., the determinant of their Jacobians equals 1).

While the discretized Hamiltonian dynamics satisfy invertibility (or time-reversibility) and
volume preservation, they do not satisfy Hamiltonian conservation (unlike continuous Hamil-
tonian dynamics). Because of this, a Metropolis acceptance correction has to be applied when
implementing HMC with leapfrog discretization. This will be described in the next lecture.

4 On stationarity of 7 for the continuous Hamiltonian Dynamics

For the continuous Hamiltonian dynamics given by (4), it turns that if the initial conditions
x and v are distributed independently according to x ~ m and v ~ N(0,I;), then z(o)
and v(co) are also independently distributed as z(c) ~ 7 and v(o) ~ N(0,1;) for every o.
This can be proved using the continuity equation that we discussed in the last lecture. This
argument is given below.

4.1 Continuity equation

Consider the ODE
X(t) =V(t,X(t)) fort>0. (14)

Here X (t) € R? and V(t,-) : R? — RY. Suppose we initialize the ODE at ¢ = 0 with a
random variable having density pp:

X(0) ~ pp.

What them is the density of X (¢)? Let p(t,z) denote the density of X (t) evaluated at z.
Then p(t, z) satisfies the following PDE:

gtp(t, z) ==V - (V(t,z)p(t,x)) with initialization p(0,z) = pp(x), (15)



where

V- (V(t,z)p(t, x)) = div(V (¢, z) Z )p(t, z))

83;
=1 v

The PDE (15) is known as the continuity equation or Transport equation, Fokker-Planck
equation (it is closely related to the Fokker-Planck and Kolmogorov Forward equations).

The continuity equation has been popular in the recent literature on generative modeling
(see e.g., Lai et al. [3, Equation (5.2.8), Theorem 5.2.2, Section B.1.2]).

4.2 Application to Hamiltonian Monte Carlo

Observe that (4) is a special case of (14) with x in (14) corresponding to (z,v) and

o= (4,)

ox
Suppose now that x ~ 7 so that the initial density of (x(0),v(0)) is

po(,v) = m(2)6(v) = (2m) 2 exp (—H(, ).
We then claim that
p(t,z,v) = (27) Y% exp(—H (z,v)) for every t > 0
satisfies the continuity equation (15). To see this, simply note that

v = en v (e ()

d
OH 0 OH
—d/2 —-H _ ~-H
) ; [8% ( 8v1> 0v; (e 8332)]

)

)_‘Wi o ((OPH _OHOHN .y ( O°H OHOH\] _
‘ 0x;0v; 6.%1 ov; ox;0v;  Ox; Ov; N

=1

This implies that p(t,z,v) = pp(x,v) satisfies (15) (observe that %p(t,x,v) = 0 because
p(t,x,v) is constant in t).

This shows that if x ~ m, then the solution z(o) to (1) at any time o is distributed
according to m. This means that 7 is stationary for the Hamiltonian Markov Chain.
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