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1 Bayesian Inference with Normal Likelihoods

Data is y and parameter is 0, the likelihood is given by:
y |6~ N, o°

for a fixed 0 > 0. We will look at the case of unknown o later. The frequentist estimator of
6 is the MLE y. For Bayesian inference, we use the normal N (ju,72) prior on §. The basic
fact is:

2 2 y/o? + p/7 1
0~ N(u,7) and y| 0~ N(,0°) = 0|y N<1/02+1/72,1/02+1/T2

and y ~ N(u,0? +72).
The mean of the posterior distribution is thus

Yo il 1o’ 17
/o2 +1/72 1/02+1/T2y 1/02+1/72M

which is a weighted linear combination of the prior mean p and the data y. The weights
are inversely proportion to the variances of the corresponding normal distributions. For a
normal distribution, we use the term “precision” to denote the inverse of variance. Thus the
weights of the linear combination above are proportional to the precisions of the prior and
the likelihood.

Also note that the precision of the posterior equals the sum of the prior and likelihood
precisions.

Note that when 72 — 0o and p is a fixed constant, we have 0 | y ~ N(y,02) (in this case,
the posterior mean coincides with the MLE y). Operationally, the N (u, 72) prior with fixed p
and 72 = 400 has the same behavior as the uniform(—oo, 0o) prior. These are uninformative
priors in this problem.

Often the data will consist of multiple numbers yy, ..., y, with the likelihood being;:
iid
Y, Un ~ N(6,02).
In this case (for the same prior § ~ N(yu,72)), the posterior is
ny/o? + u/r 1
n/o?2+1/72 "njo?2+1/72) "

G\yl,...,yn~N<



where § := (y1 + -+ + yn)/n. This can be proved directly or use the fact that g is sufficient
for 6 and the data can be reduced to the single number § with likelihood N (6,02 /n).

2 Multiple Instances of the Same Problem

Consider the problem of estimating 601, ...,0y from data y;,...,yy under the likelihood:

Yi iP\Ei N(gi’ 02)

for a fixed o2. We further assume:

iid
0; ~ N(/'L¢7_2)'

If we fix 1 to be some constant value (say = 0) and 72 to be very large, then the estimate
of 8; would be equal to y;.

Instead of fixing these values, we can treat p and 72 also as unknown parameters and
attempt to estimate them from the observed data. Marginalizing 6;, it is easy to see that

vi | 7 %N (02 + 7).

One can estimate p and 7 from this model by some estimates i and 7. 6; is then estimated
by E(0; | yi, o = 1,7 = 7). How to obtain £ and 77 It is natural to take

Y1+ t+uyn

H= N

The estimate of 7 should be based on the sample variance:

N
> wi—9)*~ (P +77) Xy

i=1

The formula for E(6; | v, u, 7) is:

il o® + /7 o*
E(0; | yi,p,7) = 12 ¥ 1/72 =pt 1—m (yi — p)-

So we need to estimate 1/(0? + 72) as opposed to 72 directly. The following fact:

1 1
E<X%>:U_2 for v > 2

shows that

E( 1 ) _ 1 E( 1 ) _ 1 |
i1y — 9)? o2 +72 \ X%, (N —3)(02 +712)
So we use

1 N -3

estimate of = . 1
or+72 YL (yi —9)? W

The estimate of 72 implied by (1) can be nonpositive (depending on the data and ¢?). We
shall ignore this however.




The estimates of 6; are therefore given by:

38 - B (N —3)o? .
#omie (1 ) 9

This is the James-Stein estimator.

The James-Stein estimator can thus be seen as an empirical Bayes procedure. The James-
Stein estimator has the following remarkable frequentist property: its risk is unformly better
than the naive estimator éi’naive = y; in mean squared error for all values of 6, ...,0y (this
is true for N > 3; although we only defined it for NV > 3, one can create a more naive version
of James-Stein replacing g by any fixed constant like 0 and this would work also for N = 3).
This property is beyond the scope of this class (and also irrelevant to us as it is a frequentist

property).

Let us now present the full Bayes estimate. This requires specification of (uninformative)
priors of  and 7. For u, we use the uniform(—oo, co) prior. For 7, we use the fact that the

marginal distribution of the data given p, 7 is y; | u, 7 i N(u,0? + 72), which is in terms
of the parameter 72 := 02 + 72. For the N(u,~?) model, the standard uninformative prior
for ~ is

I{y >0}

log v ~ uniform(—o00,00) or f,(v)
Y

Now we have the additional information that v > o (because 72 = 0% + 72), so it is natural
to modify the above prior as:

fy(7) I{V;J}-

It is easy to check that this prior on v leads to the following prior on 7 = /72 — o2

.
fT(T) X m[{’r > 0}
To recap, we are using the following prior for  and 7:

) T
g ~ uniform(—oo,00) and fr(7) x mI{T > 0}.

We will combine this with the likelihood y; | p, T i N(u,0? + 72) to obtain the posterior
of p, 7. It can be checked that:

_ - Y (i —9)*
pl vyt yn ~ N (5,7°/N) and o, 0 (7) o<y N exp <_“272 I{y>a}.
You will see how to compute these posteriors given data in the next lab.
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